ABSTRACT: We study the electromagnetic on-shell form factor of quarks in massless perturbative QCD. We derive the complete pole part in dimensional regularization at three loops, and extend the resummation of the form factor to the next-to-next-to-leading contributions. These results are employed to evaluate the infrared finite absolute ratio of the time-like and space-like form factors up to the fourth order in the strong coupling constant. Besides for the pole structure of higher-loop QCD amplitudes, our new contributions to the form factor are also relevant for the high-energy limit of massive gauge theories like QED. The highest-transcendentality component of our results confirms a result recently obtained in N = 4 Super-Yang-Mills theory.
Introduction
The electromagnetic form factor of quarks is a quantity of considerable interest in Quantum Chromodynamics (QCD) and in gauge theories in general. At high photon virtualities Q 2 this quantity receives double logarithmic corrections of infrared and collinear origin [1] , which take the form of double poles in dimensional regularization for the case of massless on-shell quarks studied in the present article. These contributions can be resummed by evolution equations in Q 2 based on universal factorization properties of the amplitude in the relevant kinematic limit, resulting in the well-known exponentiation of the form factor [2] [3] [4] . So far perturbative calculations have been performed up to two loops for both the massless on-shell case [5, 6] and heavy quarks [7] . Accordingly, the exponentiation has been studied up to the next-to-leading (NL) contributions [8] [9] [10] .
Higher-order corrections to the quark form factor are not only of general interest in quantum field theory, but also relevant for practical applications, as this quantity contributes to phenomenologically important processes. Research in the past years has yielded dramatic progress in next-to-next-to-leading order (NNLO) perturbative calculations, see, for example, Ref. [11] and numerous references therein. This progress also led to further investigations of the general structure of amplitudes and cross section at higher loop-orders, which in turn further stimulated the interest in all-order resummations. Consequently, the intimate connection between resummation and perturbative results at multiple loops has become much more prominent [12] [13] [14] .
Very recently, we have presented the first complete calculation of the third-order corrections to a hard-scattering observable depending on a dimensionless variable, the structure function F 2 in photon-exchange deep-inelastic scattering [15] . After exploring the consequences of that result for the soft-gluon threshold resummation in Ref. [16] , we here present its implications on the quark form factor (from now on always referring to the massless on-shell case, if not explicitly indicated otherwise) and its resummation. We are able, after extending the two-loop form factor beyond the previous order ε 0 in dimensional regularization, to derive the complete series of poles, ε −6 . . . ε −1 , at three loops. These terms in turn provide the coefficients required to extend the exponentiation of the form factor to the next-to-next-to-leading (NNL) contributions which we work out explicitly.
This article is organized as follows: In Section 2 we address the resummation of the quark form factor. We briefly recall the evolution equation and its solution, and present the explicit expansion up to four loops in terms of two perturbative functions, A(α s ) (known up to three loops from the NNLO splitting functions [17, 18] ) and G(α s , ε). In Section 3 we extend the two-loop form factor to order ε 2 and extract the pole terms at three loops from our structure-function calculation [15] . These results are employed to extend the first-and second-order parts of the resummation function G to higher orders in ε, and to derive the leading-ε term at the third order in the strong coupling. Some first implications of these results are discussed in Section 4. Here we extend the ratio of the time-like and space-like form factors [9] to the fourth order in α s , compare to a recent result for
The resummation of the quark form factor
The subject of our study are the QCD corrections to the γ *(or γ * qq) vertex, where γ * denotes a space-like (or time-like) photon with virtuality Q 2 , and q/q a massless external quark / antiquark. Until Section 4 we will focus on the space-like case, thus the relevant amplitude is
where the scalar function F on the right-hand side is the space-like quark form factor. This quantity can be calculated order by order in the strong coupling constant α s and, as mentioned above, is so far known to two loops [5, 6] . F is gauge invariant, but divergent. As usual we work in dimensional regularization with D = 4 − 2ε, thus these divergences show up as poles ε −k in the present article.
The exponentiation of the form factor, which extends beyond the resummation of renormalization group logarithms, is achieved by solving the well-known evolution equations [3, 4, [8] [9] [10] ]
Here µ represents the renormalization scale, and the functions G and K are subject to the renormalization group equations [3] 
3)
All infrared singularities are collected by the scale-independent function K, which in the MS scheme consists of a series of poles in ε. The function G, on the other hand, is finite for ε → 0 and includes all dependence on the scale Q 2 . The renormalization properties of G and K are both governed by the same anomalous dimension A, because the sum of G and K is a renormalization group invariant. This quantity is given by a power expansion in the strong coupling, for which we use the convention (also employed for all other expansions in α s throughout this article)
In fact, the anomalous dimension A also occurs in many other circumstances, for instance as the coefficient of the 1/(1 − x) + contribution to the Altarelli-Parisi quark-quark splitting function and as the anomalous dimension of a Wilson line with a cusp [22] .
As already indicated by the argument of the beta function, the solution of Eqs. (2.3) and (2.4) requires the running coupling in D dimensions. Following Refs. [10, 23] we defineā(λ, a s , ε), where λ is a dimensionless ratio of scales like λ = Q 2 /µ 2 . The resummation of the NNL contributions to the form factor requires the scale dependence ofā to NNLO accuracy [24, 25] (see the discussion at the end of this section), obtained by solving
with the boundary conditionā(1, a s , ε) = a s . Extending the result of Ref. [23] by one order, this solution is given bȳ
where we have used the abbreviations
With Eq. (2.7) for the running coupling, Eq. (2.3) can now be solved to the required accuracy,
The perturbative expansion of the boundary condition G(1,ā, ε) can be derived by comparison to the fixed-order results for the form factor.
After recursively determining (see, e.g., Ref. [10] for details) the scale-independent counterterm function K from Eq. (2.4), the resummed quark form factor reads ln F α s ,
with the boundary condition F (α s , 0, ε) = 1 [9] . After expanding the D-dimensional coupling according to Eq. (2.7), ln F exhibits double logarithms of Q 2 /µ 2 and double poles in ε, which are generated by the two integrations. In addition the integral over the anomalous dimension A leads to terms which are independent of the outer integration variable ξ. These logarithmic singularities at ξ = 0 are canceled by the function K order by order in the perturbative expansion.
The well-known relation (2.10) can be employed either for a direct evaluation of the form factor due to the analyticity in D dimensions [10] or, by means of finite-order expansions and matching, for predictions of perturbative results at higher orders. Here we will focus on the latter issue. In particular, we will derive explicit results at three and four loops. This is done by performing the integrations in Eq. (2.10) after inserting the perturbative expansions of all quantities. The resulting integrals can be evaluated using algorithms for the evaluations of nested sums [26, 27] . Some technical details for this step are given in Appendix A, where Eqs. (A.4)-(A.7) represent sample types of relevant integrals. Further details may also be found in Ref. [10] .
It is convenient to express the loop-expanded form factor in terms of the bare (unrenormalized) coupling α b s instead of the renormalized coupling α s as in Eq. (2.10). The couplings α b s and α s are related by α
with the renormalization constant Z α s in the MS scheme given by 12) and also the bare expansion parameter normalized as a b s = α b s /(4π) . The perturbative expansion of the bare (unrenormalized) quark form factor then reads
In terms of the i-th order parameters A i in Eq. (2.5) and the corresponding functions G i (ε), the expansion coefficients up to four loops read
14) 
The three-and four-loop relations (2.16) and (2.17) are new results of the present article. Recall that Eqs. (2.14) -(2.17) directly refer to the bare form factor. The corresponding renormalized results can be derived with the help of Eqs. (2.11) and (2.12).
The ε 0 term of G 1 , together with β 0 and the lowest-order anomalous dimension A 1 , specify the two most singular terms ε −2n and ε −2n+1 to all orders α n s . Likewise, if (besides two more contributions to G 1 ) also the leading term of G 2 and the NLO quantities β 1 and A 2 are known, the resummation fixes the first four leading poles at each order. This has been the status up to now, referred to as the next-to-leading (NL) contributions in Section 1. In the next section, we will present the leading term of G 3 and the corresponding higher coefficients in the ε-expansions of G 2 and G 3 . Together with β 2 (as indicated before Eq. (2.6)) and our recent result for A 3 [17] , these results provide the NNL terms at all orders, especially fixing the ε −4 and ε −3 poles in Eq. (2.17).
Fixed-order results and resummation coefficients
We now turn to the extraction of the quark form factor up to order α 3 s from our third-order computation of the deep-inelastic structure functions [15] . As also discussed in Refs. [17, 18] , the calculation has been performed via forward Compton amplitudes and the optical theorem. The cuts of the corresponding diagrams always include real-emission contributions, thus the purely virtual form-factor part cannot be directly read off at this level. Nevertheless we can reconstruct the form factor from our results, except (as explained below) at the highest power of ε which was consistently kept in the calculations. Consequently, we can derive all 1/ε pole terms at order α 3 s , since the forward Compton amplitudes have been computed to order ε 0 for Ref. [15] .
Our starting point for the determination of the form factor is the unrenormalized (and unfactorized) partonic structure function F b for γ * q →X in the limit x → 1, where x denotes the partonic Bjorken variable. Using the end-point properties of the harmonic polylogarithms [28] in which these results are expressed, we remove all regular contributions and only retain the singular pieces proportional to δ(1 − x) and the +-distributions at order α n s ,
The resulting expressions are then compared to the general structure of the n-th order contribution F b n in terms of the l-loop form factors F l and the corresponding pure real-emission parts S l ,
The x-dependence of the factors S k is given by the D-dimensional +-distributions f kε defined by
The α n s contributions F n and S n in Eq. (3.2) exhibit poles in ε up to order ε −2n . The corresponding bare structure function F b n , on the other hand, only include terms up to ε −n , as the higher divergences on the right-hand sides cancel for these inclusive quantities due to the Kinoshita-LeeNauenberg theorem [29, 30] . In fact, the complete cancellation already occurs at the level of the individual diagrams of Ref. [15] for the forward Compton amplitude.
Once the products of lower-order quantities in Eq. (3.2) have been subtracted from F b n , the contribution of the n-loop form factor F n can be extracted by performing the substitution
which eliminates, besides the +-distributions, the remaining δ(1 − x) originating in the factor f nε of Eq. (3.3) in the purely real part S n . However, as δ(1 − x) enters f nε with a factor 1/ε, this extraction does not work at the highest order of ε kept in the calculation of F b n . Hence, as stated above, the determination of the n-loop form factor F n to order ε k in this approach requires the calculation of the bare partonic structure function F b n to order ε k+1 .
In addition, the subtraction of the lower-order contributions F l and S l with l < n in Eq. (3.2) requires the extension of these quantities to higher orders in ε. Specifically, the first-and secondorder quantities are required to order ε 3 and ε 1 , respectively, for the extraction of the pole terms of the three-loop form factor. These functions have been determined from the calculation of F b 1 to order ε 4 and F b 2 to order ε 2 . In fact, anticipating a future extension to the finite parts of the three-loop form factor F 3 , we have extended these calculations to one more power of ε, making use of the fact that the one-and two-loop integrals for the calculation of the structure functions were evaluated to order ε 5 and ε 3 anyway, see Table 3 of Ref. [15] . As a check of these new two-loop results (the one-loop quantities are known to all orders in ε anyway), a separate calculation of F 2 has been performed to order ε 2 in the approach of Refs. [5, 6] . The results for the corresponding seven diagrams are listed in Appendix B.
To the accuracy in ε just discussed, the unrenormalized quark form factor reads, up to three loops in the notation of Eq. (2.13), Here n f stands for the number of effectively massless quark flavours, C F and C A are the usual QCD colour factors, C F = 4/3 and C A = 3, and the values of Riemann's zeta function are denoted by ζ n .
Eq. (3.7) and the ε 1 and ε 2 parts of Eq. (3.6) are new results of this article. The four highest 1/ε poles of the three-loop form factor F 3 provide the first complete verification of the resummation of the next-to-leading contributions. With the anomalous dimensions (2.5) known up to A 3 , the remaining two poles are sufficient to fix the NNL contributions to the function G in Eq. (2.9). Especially, we can derive the first (ε = 0) term of the third-order function G 3 (ε).
Before we turn to these results we recall, for completeness, the known coefficients of the cusp anomalous dimension A(a s ). The results for A 1 and A 2 ,
have been known for a long time [31] . The recently completed expression for A 3 reads [17]
See Refs. [32] [33] [34] for previous partial results on the n f -contributions. Very recently the ζ 2 2 term in Eq. (3.9) has been confirmed in Ref. [19] , see the discussion at the end of Section 4.
Inserting Eqs. (3.8) and (3.9) into the resummation relations (2.14) -(2.16) and comparing to the explicit results (3.5) -(3.7), we obtain the following perturbative expansion of Eq. (2.9) at µ 2 = Q 2 : As discussed at the end of Section 2, these results are sufficient to fix the next-to-next-to-leading contributions, i.e., the six highest poles in ε, to all orders in the strong coupling. In fact, in view of a future extension of G 3 to order ε, the first-and second-order results (3.10) and (3.11) already transcend this accuracy by one power in ε.
We close this section by a brief discussion of our three-loop results (3.7) and (3.12). The former result for the 1/ε poles of the quark form factor in massless QCD is not directly applicable to any physical process. For use in cross section calculations such as e + e − → 2 jets at the next-to-nextto-next-to-leading order (N 3 LO), one would need the finite contribution to F 3 as well. However, the resulting leading term (3.12) of G 3 is of immediate interest for predictions of the pole structure of QCD amplitudes at higher orders [13, 14] generalizing Catani's NNLO formula [12] . For the four-quark amplitude at N 3 LO,→ qq, for instance, an explicit prediction has been derived in Ref. [13] , for which Eqs. (3.7) and (3.12) now provide the last missing piece of information.
The time-like case and non-QCD applications
So far, our discussion has been restricted to space-like photon momenta, q 2 = −Q 2 < 0 . The modifications for the time-like case q 2 > 0 are obtained by analytic continuation. For the resummed quark form factor in Eq. (2.10) this continuation has been discussed in Ref. [9] , while the finiteorder expansions (2.13) are transferred to q 2 > 0 according to [5] 
Of particular interest is the absolute ratio |F (q 2 )/F (−q 2 )| of the renormalized time-like and space-like form factors. This quantity is infrared finite and directly enters the cross section for Drell-Yan lepton pair production in hadronic collisions. Transforming Eqs. (2.14) -(2.17) back to the renormalized quantities using Eqs. (2.11) and (2.12), and then employing the analytic continuation (4.1) we obtain the expansion
in terms of the couplings a s (q 2 ) = a s (−q 2 ) = a s . Note that, since this ratio is infrared finite, only the ε = 0 parts of the coefficients G i enter Eq. (4.2). Consequently, all terms contributing at the fourth order are now known, with the exception of the four-loop cusp anomalous dimension A 4 of which only the small n 3 f contribution has been derived so far [32] .
The effect of A 4 is expected to be small, therefore we can nevertheless evaluate the ratio (4.2) also numerically up to the fourth order, employing the [1/1] Padé estimate of Ref. [16] ,
to which we assign a conservative 50% uncertainty. Switching back to the strong coupling α s = 4π a s at the scale q 2 as the expansion parameter, Eq. (4.2) for n f = 4 yields the numerical expansion This result does not look like a nicely converging expansion, but so far does not exhibit a clear factorial growth of the higher-order coefficients either. As already pointed out in Ref. [9] , the only genuine l-loop contribution at order α l s is given by the anomalous dimension A l , which in Eq. (4.4) contributes 24%, 7% and (2 ± 1)% of the total coefficient at the second, third and fourth order, respectively. On the other hand, the contributions of the quantities G l−1 at order α l s are large, amounting to 37%, 41%, 50% at l = 2, 3, 4. Consequently, the higher-order ( l ≥ 5 ) terms in Eq. (4.4) cannot be predicted quantitatively at this point.
Exponentiations like Eq. (2.10) for the form factor F have also been studied for electroweak interactions [20] , where a fermion or gauge-boson mass m acts as a regulator for collinear or infrared singularities. Of course, both the counter-term function K in Eq. (2.4) and the lower integration limit in Eq. (2.10) are modified in this case, as they depend on the infrared sector of the theory. However, the leading (ε = 0) term of the function G in Eq. (2.3) is independent of the regulator at each order in the coupling constant. This contribution entirely originates in the so-called hard region in an expansion of the loop integrals in different regions [35] . In this region all loop momenta are of order Q, effectively leading to the massless case considered in Eqs. (2.16) and (3.7).
This 'universality' implies, for instance, that Eq. (3.12) provides a prediction for the coefficient of ln(Q 2 /m 2 ) in the three-loop quantity F 3 for an Abelian gauge theory with fermion masses like Quantum Electrodynamics (QED) [36] after the usual identification of the colour factors. For QED, e.g., one has C F = 1, C A = 0 and T f = 1 instead of our QCD convention T f n f = n f /2.
Another interesting implication of Eq. (3.7) arises for maximally supersymmetric Yang-Mills theory (MSYM), i.e., Yang-Mills theory with N = 4 supersymmetry in four dimensions. QCD results may be carried over to this theory using the inspired observation [37] that the MSYM results can be obtained from the contributions of leading transcendentality in QCD. This procedure has been applied to the QCD results for the three-loop anomalous dimensions of spin N of leadingtwist operators [17, 18] , which were employed to extract corresponding quantities in MSYM [37] . Strikingly enough, the resulting MSYM anomalous dimensions completely agree with predictions based on integrability for the planar three-loop contribution to the dilatation operator [38] . This agreement has been checked up to spin N = 8 in Ref. [39] and is now established up to N = 70 [40] (for a review see also Ref. [41] ).
Although no formal proof exists for the procedure of Ref. [37] , it has recently been used in reverse, namely to predict terms of highest transcendentality in the QCD form factor. Based on studies of planar amplitudes in MSYM at three loops [19] , where an interesting pattern of iteration for the four-point amplitude has been found, both the coefficients A l | MSYM and the leading contribution to G l | MSYM have been determined for l ≤ 3. Our new result for the three-loop form factor F 3 in Eq. (3.7) and for coefficient G 3 in Eq. (3.12) puts us in a position to check this part of Ref. [19] and thereby provide further evidence on the procedure of Ref. [37] .
The only transcendental numbers entering the results for the form factor are the values ζ n of Riemann's zeta function. Hence the procedure of Ref. [37] implies that, as each order in α s , one keeps only the highest terms ζ n and ζ i ζ j with i + j = n. After the SYM identification C A = C F = n c (terms with n f do not contribute at the highest transcendentality), Eqs. Both relations agree with the results of Ref. [19] , and hence with the prescription of Ref. [37] .
Summary
We have derived new higher-order QCD results for the electromagnetic form factor of on-shell massless quarks. Specifically, we have extracted all third-order 1/ε pole terms in dimensional regularization from our recent computation of the three-loop coefficient functions for inclusive deep-inelastic scattering [15] , supplemented by a higher-ε extension of the two-loop contributions. These results, together with our extension of the resummation of the form factor to the next-tonext-to-leading contributions, fix the six highest 1/ε poles to all orders. As an example, we have provided the explicit expression for the coefficients of ε −8 . . . ε −3 at four loops.
While the pole terms of the form factor alone are not sufficient for use in other three-loop calculations like e + e − → 2 jets, they do have immediate theoretical applications both for the infrared structure of higher-order QCD amplitudes and for other gauge theories such as QED and N = 4 Super-Yang-Mills theory, where our results confirm a recent corresponding calculation in Ref. [19] . Moreover, our present results are sufficient (up to a numerically irrelevant uncertainty due to the unknown four-loop cusp anomalous dimension) for extending the finite absolute ratio of the time-like and space-like form factors, which directly enters the description of the Drell-Yan process, to the fourth order in α s .
We close by noting that the computation of the finite part of the three-loop quark form factor F 3 by an extension of the techniques employed in this article is feasible.
